Spin-current induced electric field 
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We theoretically predict that a pure steady state spin- 
current without charge-current can induce an electric field. 
A formula for the induced electric field is derived and we 
investigate its characteristics. Conversely, a moving spin is 
affected by an external electric field and we present a formula 
for the interaction energy. 

72.25.-b, 03.50.De 



In a traditional electric circuit the number of spin-up 
and spin-down electrons are the same, and both kinds 
of electrons move in the same direction under an exter- 
nal electric field. The total spin-current I s = cr(If — ij.) 
is therefore zero, and only the charge-current I ec = 
e(If + is relevant. When a system includes ferro- 
magnetic materials or under an external magnetic field, 
electron spins can be polarized so that the total spin of 
the system is non-zero. Then, the corresponding charge- 
current is polarized, i.e. current due to spin-up elec- 
trons, J-j-, is not equal to the spin-down current 1^, al- 
though both kinds of electrons move in the same direc- 
tion, as schematically shown in Fig. lb. This gives a non- 
zero total spin-current. Spin-polarized charge-current 
has been the subject of extensive investigations for last 
two decades. 1,2 Recently, a very interesting extreme case 
of a finite spin-current without charge-current has been 
investigated by several groups 3-5 . Such a situation comes 
about when spin- up electrons move to one direction while 
an equal number of spin-down electrons move to the op- 
posite direction, as schematically shown in Fig. la. Then 
the total charge-current is identically zero and only a net 
spin-current exists. This is just the opposite situation of 
the traditional charge-current without any spin. 

By Ampere's law, a charge-current induces a magnetic 
field in the space around it. In this paper, we ask and an- 
swer the following question: can a pure steady state spin- 
current without charge-current induce an electric field? 
The problem can be viewed in the following way. Associ- 
ated with the electron spin <r, there is a magnetic moment 
g/iBC, where \xb is the Bohr magneton and g is a con- 
stant. Therefore when there is a spin-current 7 S , there is 
a corresponding magnetic moment current I m = g/isls- 
In the rest of the paper, we theoretically prove that a 
magnetic moment current can induce an electric field. 
We further prove that an external electric field can also 
act on a spin-current. 

To start, we recall that a static classical magnetic mo- 
ment m produces a magnetic field B. Consider a classical 



magnetic moment m due to a tiny charge-current ring, 
see Fig.lc. The charge-current is I ec and radius of the 
ring is 5. The magnetic field B of this charge-current 
ring is easily obtained by the Biot-Savart law. Then, let 
S — > + and I ec — ► oo but keep m = 7r<5 2 / ec n m as a con- 
stant (n m is the unit vector of the magnetic moment), the 
magnetic field B due to magnetic moment m, at space 
point R, can be written as: 
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Another method for obtaining the same magnetic field 
is by using the mathematical construction of equivalent 
magnetic "charge" 6 . In this method, we imagine the 
magnetic moment m being consisted of a positive and a 
negative magnetic "charge" ±g mc situated very close to 
each other with a distance 5 (see Fig. Id). When 5 — > + 
and q mc — > oo, we hold m = q mc bn m as a constant. Each 
magnetic "charge" q mc produces a magnetic field M °^ C 3 R . 
The field B induced by magnetic moment m can then 
be obtained by adding contributions of the two magnetic 
"charges" ±q mc . Of course, we again obtain Eq.(l). Note 
that the language of magnetic "charge" is only a mathe- 
matical construction convenient for our derivations 6 , and 
no magnetic monopole is hinted whatsoever. 

After reviewing the magnetic field of a static mag- 
netic moment, in the rest of the paper we consider mag- 
netic moments in motion. In the first example we con- 
sider the simplest case of a classical infinitely long one- 
dimensional (ID) lattice of chargeless magnetic moment, 
with the whole lattice moving with speed v (see Fig.le). 
This gives a pure steady state magnetic moment current. 
Since nothing is changing with time, a very surprising re- 
sult, as we now prove, is that this magnetic moment cur- 
rent induces an electric field. The induced field for this 
situation can be calculated exactly by a simple Lorentz 
transform, therefore providing a benchmark result for our 
more general results to be discussed later. Let p m to be 
the linear density of magnetic moment for the lattice and 
we will use two methods to solve the electromagnetic field 
of the spin-current. 

Method One. We first solve the total magnetic field 
of a static ID magnetic moment lattice by integrat- 
ing Eq.(l) over the lattice. This is easy to do and we 
call the result B stotic : B statlc = -V Mop ^' R ^ , where 

Ri = R — (R»i). Here I is unit vector along the lattice. 
Then we make a relativistic transformation: the electro- 
magnetic field of the moving magnetic moment lattice 
can be obtained straightforwardly by the Lorentz trans- 
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form of H static- The results are 

B = static ) 

E = -7v x B static 



(2) 
(3) 



where 7=1/ \Jl — Clearly, we have an induced elec- 
tric field E and this field is related to v. We note that al- 
though the results are unambiguously obtained, we have 
not identified the physical origin of the resulting electro- 
magnetic field, i.e. this method does not tell us whether 
the field is induced by the magnetic moment or by the 
magnetic moment current. For this reason, we analyze 
the same problem again from a second method. 
Method Two. Here we use the equivalent magnetic 
"charge" method discussed above. This means remov- 
ing the current density of the ring at the equation 
VxB = /ioJ e c + Mo £ o^i an d adding the imaginary mag- 
netic charge at the equation V»B = 0, i.e. this equation 
changes to V»B = poPmc, where p mc is the volume den- 
sity of magnetic "charge" . We emphasize again that this 
practice is only a mathematical trick to solve our prob- 
lem. When our magnetic moment moves, the original 
Maxwell equation in which the magnetic moment m is de- 
scribed by a tiny charge-current ring, satisfies relativistic 
covariance. Clearly, Maxwell equations after the equiva- 
lent magnetic charge transformation must also satisfy rel- 
ativistic covariance. This covariance can be achieved, as 
shown in standard textbook 6 , by changing the Maxwell 
equation to V x E = to V x E = - po3 mc , 

where J mc is the magnetic "charge" current. 6 The last 
equation means that a moving magnetic "charge" can 
produce an electric field. The electric field E produced 
by a volume (linear) element of magnetic "charge" cur- 
rent, J mc dV (I mc dl), is simply: 



E = 



poJ mc dV x R p I mc dl x R 
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Now we are ready to solve the electromagnetic field of 
our ID moving magnetic moment lattice because it is 
equivalent to two lines of positive/negative moving mag- 
netic "charges" : they are easily obtained by integrating 
Eqs.(l) and (4) respectively. The same final results of 
Eqs.(2,3) are obtained. The present derivation allows 
us to conclude that the magnetic field B is induced by 
magnetic moment and the electric field E is induced by 
the magnetic moment current. Fig. If shows electric field 
lines and magnetic field lines at the y-z plane, here the in- 
finitely long magnetic moment lattice is along the x-axis 
and n m is along the +z-direction. 

If there exists another infinitely long magnetic moment 
lattice with opposite magnetic moment direction (—n m ) 
and opposite moving direction (— v, shown in Fig. la), 
then the net magnetic moment is canceled exactly and 
only a net magnetic moment current exists. In this case, 
it is easy to confirm that the magnetic field B due to each 
lattice adds up to zero identically, while the electric field 
E reinforce each other so that the total electric field of 



the composite system is doubled. Hence we conclude that 
this finite electric field must originate from the magnetic 
moment current, and it cannot be due any other effects. 

In the example above, we have clearly shown that a 
moving classical ID magnetic moment can induce an elec- 
tric field E. In the following we investigate the question: 
can moving electron magnetic moment (i.e. spin) induce 
an electric field? We also extend the above ID model 
to general situation. Before proving this is indeed the 
case, we emphasize the fact that since a magnetic mo- 
ment (or a spin) is itself a vector unlike charge which is a 
scalar, the magnetic moment current density cannot be 
described only by a single vector 3 m dV (or I m dV). In 
order to completely describe a magnetic moment current 
density, we have to use a set of two vectors (n m , J m dV) 
or (n m , I m dl), in which J m expresses the strength and 
direction of the flow of magnetic moment current, while 
h m expresses the polarization of the magnetic moment 
itself. This is different from the familiar charge current. 
Note that for two magnetic moment current such as that 
of Fig. la, if only their J m are the same and their h m 
are different, they are two different magnetic moment 
currents and their induce electric fields are also different 
(see below). 

In the following, we apply the equivalent magnetic 
"charge" method to deduce a general result beyond ID 
for the quantum object of electron spin-current. Here, 
the spin or magnetic moment m of an electron at space 
point r is equivalent to a positive magnetic charge ^ at 
r + |n m and a negative magnetic charge — ^ at r — |n m . 

dV) at the space r is equiv- 
onc is ^f-dV 
- ^fim, where 



The spin-current (n m , J, 
alent to two magnetic "charge" currents: 



2 r 



and the other 



l dV at r 



at r - 

5 — > + . We make the very reasonable fundamental as- 
sumption that any electromagnetic field induced by mov- 
ing electron spins, if exists, must satisfy relativistic co- 
variance. From this assumption, the Maxwell equations 
for the magnetic "charge" and its current are: 



_ _ dB 

V X E = — ftJmc, 

at 



V x B = p Q e 



<9E 



dt 

V • E = p ec /e , 

V • B = p p mc , 



(5) 

(6) 

(7) 
(8) 



where p mc and p ec are the volume density of the mag- 
netic and electric charge, J mc and J ec are their current 
density. In contrast, in the original Maxwell equation, 
the source of field are electric charge and its current: the 
field of a magnetic moment is calculated by turning this 
moment into an infinitesimal charge-current loop as we 
have done above. Here, we use the magnetic "charge" de- 
scription and its associated current to express the spin of 
particles and the spin-current. We emphasize two points: 
(i) Eqs.(5-8) are superiorer for our problem of calculating 
fields of electron spin-current because they do not require 
us to turn electron spins into little charge-current loops. 
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No one knows how to do the latter, in fact, because the 
inner structure of an electron is not known. Hence, while 
the original Maxwell equations do not directly describe 
fields of electron spin and the spin-current, Eqs.(5-8) can 
describe them and this description is very reasonable if 
we only investigate fields outside of an electron, e.g. for 
R > 10~ 5 A. (ii) Eqs.(5-8) do not represent an attempt 
of rewriting Maxwell equation. They are the Maxwell 
equation when we use equilent magnetic "charge" and 
demanding relativistic covariance. 

From the Eqs.(5-8), the electric field induced by an in- 
finitesimal element of magnetic "charge" current 3 mc dV 
is obtained from Eq.(4). Then the total electric field E of 
the element of magnetic moment current (n m , JmdV) can 
be calculated by adding the two contributions of the two 
magnetic "charge" currents: ^f-dV at |n m and — ^f-dV 
at — |n m (5 — > + ). We obtain 



E 
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This is one of the main results of this paper. Eq.(9) 
clearly shows that the magnetic moment current (n m , 
3 m dV) {i.e. spin-current (a, J s dV)= (h m , jj^dV)) in- 
deed can produce an electric field. This formula can be 
thought as the " Biot-Savart law" for spin-current in- 
duced electric field. We emphasize that in the derivation 
of Eq.(9), the only assumption made was that the elec- 
tromagnetic field of the moving spin satisfies relativistic 
covariance. As a check, applying Eq.(9) to the ID lattice 
exactly solved above, it is straightforward to perform the 
integration and obtain Eq.(3). 

Some further discussion of our results arc in order. 
An electron has its charge and magnetic moment (spin): 
charge produces electric field, charge-current produces 
magnetic field, spin produces magnetic field, and we have 
just shown that a steady state spin-current produces an 
electric field! (i) For the case of a spin-current without 
charge-current shown in Fig. la, the total net charge is 
zero for our neutral system; the total charge-current is 
zero; and the total magnetic moment is also zero. The 
only non-zero quantity is the total spin-current (mag- 
netic moment current). Our results predict even for this 
situation, an electric field is induced by the presence of 
spin-current, (ii) For the spin-polarized charge-current 
shown in Fig. lb, which have been extensively investi- 
gated recently 1,2 , a charge-current, total magnetic mo- 
ment, and a spin-current may all exist. In this case, the 
charge-current and magnetic moment produce magnetic 
field, and the spin-current produces electric field, (iii) For 
a closed-loop circuit in which a steady state spin-current 
flows, one can prove that the induced electric field E has 
the property § E • dl = 0, where C is an arbitrary close 
contour not cutting the spin-current. This is true even 
when the spin-current threads the contour C: very dif- 
ferent from the Ampere's law of magnetic field induced 
by a charge-current. 



Fig. 2 shows electric field lines of a spin-current ele- 
ment (n m , 3 m dV). The spin-current element is located 
at origin, J m points to +x direction, and h m is in the 
x-z plane. The angle between J m and n m is 9. Because 
the induced electric field E must be perpendicular to J m 
(i.e. to x axis), we plot the field lines in the y-z plane 
at x = — 1, 0, and +1. (i) For 9 = tt/2, h m ± J m . At 
x = 0, the field line configuration is similar (although 
not exactly the same) to that produced by an electric 
dipole at — y direction (Fig. 2a). At x = ±1, the field 
lines have a mirror symmetry between upper and lower 
half y-z plane (Fig.2b). (ii) For 9 = 0, n rn | J m . At 
x = 0, E = for any y and z. At x = ±1, the field 
lines are concentric circles (Fig. 2c and d). The center 
of the circles is at y = z — where E = 0. (iii) For 
9 = 7r/3, the fields are shown in Fig.2(e,f) for x = ±1. 
In fact, this E can be decomposed into a summation of 
two terms corresponding to the fields of 9 = n/2 and 
9 = 0. At x = 0, the field lines are similar to that shown 
in Fig. 2a. It is worth to mention that from Fig. 2, it is 
clearly shown that § E • dl ^ 0. Notice that this is not 
contradictory to characteristic (iii) of the last paragraph, 
because there the electric field is produced by a steady 
closed- loop spin-current. 

So far we have demonstrated that a spin-current can 
indeed induce an electric field. On the other hand, does 
external electric field have any effect on a spin-current? 
Consider a lab frame £' where there is an electromag- 
netic field (E',B'), and a static magnetic moment m'. 
There is a potential energy m' • B' but m' does not 
couple to E'. Using the language of magnetic "charge" 
discussed above, we can in effect consider that a force 
q mc B' is acting on the magnetic "charge" q mc . Inside 
a new frame E moving with speed — v respect to the 
lab frame £', the magnetic moment m (or the magnetic 
charge q mc ) move with speed +v. A Lorentz transform of 
the the four-momentum p^ = (p, = {pi,P2,P3, 1 ^r) 
from frame £' to S gives the force F on the mov- 
ing magnetic "charge" q mc by the electromagnetic field 

F R "R = = dp.iL — ( d Pi - -1 d P2 ~,-l d P!s\ - - 

1 dt ~ ~ dr dt " ' \dr ' ' dr ' ' dr J 

q mc (B' 1 ,' y - 1 B' 2 ,'Y- 1 B' 3 ) = q mc (B - £ x E) where t is 
the proper time, t is the time, the quantity with a prime 
(without prime) is in frame S' (£), and the direction of 
pi is the same as velocity v. Hence, a moving magnetic 
moment m (or spin <j) in an external electromagnetic 
field E, B feels a torque: m x (B — x E), and the as- 
sociated potential energy is: 7 

-m • (B - J x E) = -guBO • (b - J x e) . (10) 

Clearly, the term — m»B describes the action of magnetic 
field on m which is well known. There is a new term 
m • x E), and it obviously expresses the action of 
electric field E on the moving magnetic moment. We 
therefore conclude that when a particle with spin a is 
moving inside an electric field E, the spin prefers to orient 
to the direction of v x E. 
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At last, it should be mentioned some previous works 
have investigated effects of moving magnetic dipole m 
in early days of special relativity. 8 The main finding was 
that a moving magnetic dipole induces an electric dipole 
P e = x m. Notice the our present work is different. 
What we predicted is that a steady state spin-current can 
induce an electric field E (see Eq.(9)). This gives a new 
and fundamental source of electric field. In constract, 
a single moving moment does not give a steady state 
spin-current. Moreover, the results are different. For 
example, when v || m, the induced dipole p e = so 
that no electric field is induced and any torque p e x E 
from external electric field vanishes. Our result on spin- 
current induced field, on the other hand, gives a non-zero 
E when v || m. 

So far we have found that a spin current can induce an 
electric field E; and conversely, an external electric field 
puts a moment of force on a spin-current. The magni- 
tudes of these effects can be estimated. Consider a spin 
current (n m , J TO ) flowing in an infinitely long wire with 
crossection area of 2mm x 2mm. Let n m _L J m , take elec- 
tron density is 10 29 /m 3 and a drift velocity 10~ 2 m/s, 
then the spin-current induced electric field is equivalent 
to that of a potential difference ~ 12/iV at distances 
— 1.1mm and 1.1mm on either side of the wire. This 
electric potential is indeed very small, but is definitely 
nonzero and should be measurable using present tech- 
nologies. 
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FIG. 1. Schematic plots for the spin current with zero 
charge current (a), the spin-polarized current (b), the mag- 
netic moment of a small current ring (c), the two equiva- 
lent magnetic charges of the magnetic moment (d), and the 
straight infinite long magnetic moment line (e). f shows the 
electric (solid) and magnetic (dotted) line of force for the mo- 
tive magnetic moment line. 

FIG. 2. Schematic plots of electric field lines for a 
spin-current element with 8 = tv/2, it/3 and 0. 
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